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Part I: Introduction to bilevel optimization
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Introduction to bilevel optimization (BO)

Mathematical form:

min  f(x,y)
Xy

s.t. y € argmin {?(x,z) | 8(x,2) < 0} .

® f is the upper-level objective function, while f and g are the
lower-level objective and constraint functions, respectively.

® x is the upper-level decision variable (leader), and y is the
lower-level decision variable (follower).

® The associated hyper-objective function is
®(x) := min {f()@y) | y € argmin {)N‘(x,z) | 8(x,z) < 0}} ,

and the BO problem can be equivalently written as min, ®(x).
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Historical background of BO

In 1934, Heinrich von Stackelberg introduced the Stackelberg game, a
strategic game involving two players [Stackelberg 1934].

Leader: moves first and commits to a strategy.

Follower: observes the leader's decision and chooses an optimal response.

The leader anticipates the reaction of the follower and optimizes its own
objective.

This leader-follower paradigm naturally corresponds to the hierarchical
structure of BO.

5/80



Historical background of BO (cont’d)

The term “bilevel”
optimization was formally
introduced in the early
1970s, with an application to
military resource allocation
[Bracken and McGill 1973].

The terms “bilevel” and
“multilevel” optimization
were subsequently introduced
in a World Bank report.

WORLD BANK

Bank Staff Working Paper No. 258
May 1977
MULTI-LEVEL PROGRAMMING AND DEVELOPMENT POLICY

Most economic policy problens can be decomposed into tuo related

bproblems: the problem of the economy's reactions
to policy changes, o the polizy problem proper, of choosing among the al-
ternative possible outcones. Traditionally, optimization models address one
subproblem or the other, but not both. This paper presents a new algorithm
which enables the simultaneous treatment of both subproblems; it is a modifi-
cation of the simplex algorithm which permits the simultaneous operation of
two distinct objective functions.

For illustrative purposes, the procedure is applied to a model of
Mexican agriculture. This demonstration application reveals that a) the tra-
ditional technological (production possibilities) frontier may be quite irrel-
evant to the policy problem, for it ignores decentralized preferences; and
b) even without precise knowledge of the weights in the "policy objective
function," it is possible to use multi-level programming to significantly
clarify the nature of th: available policy choices.

Prepared by:
Wilfred Candler, Agriculture Canada

an
Roger Norton, Development Research Center
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Historical background of BO (cont’d)

Since the 1980s, BO has received increasing attention due to its
applications in transportation, economics, power systems, signal
processing, and machine learning.

Modern machine learning problems often involve several interacting
learning or optimization subproblems. BO provides a natural framework
for modeling such problems because it explicitly captures their
hierarchical structure.
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Application 1: Al learning from experience

The Era of Experience envisions an Al learning paradigm based on

continued interaction and feedback rather than only static datasets
[Silver and Sutton 2025].

This paradigm introduces nested learning dynamics:

® Upper level: learn a reward or preference model from human
feedback.

® |ower level: adapt the policy through reinforcement learning under
the learned reward.

Furthermore, users could provide feedback during the learning process, such as their satisfaction level,
which could be used to fine-tune the reward function. The reward function can then adapt over time, to
improve the way in which it selects or combines signals, and to identify and correct any misalignment. This
can also be understood as a bi-level optimisation process that optimises user feedback as the top-level goal,
and optimises grounded signals from the environment at the low level.* In this way, a small amount of human
data may facilitate a large amount of autonomous learning.

Silver and Sutton, “Welcome to the Era of Experience,” 2025
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Application 1: Al learning from experience (cont’d)

BO provides a natural algorithmic framework for jointly learning the
reward model and the corresponding policy.

A rough BO formulation is

min Euser (W*(ereward))

Oreward

s.t. 7T (Oroward) € argmax Ry, (7).
s

® Feedback is provided interactively
during training through preferences, \‘eedbar-‘k©
corrections, or satisfaction scores.

® Ry is a reward model that is updated
using the received feedback. s

® 7*(0) is the corresponding policy,
which is optimized to maximize the
learned reward.

Al Mode\
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Application 1: Al learning from experience (cont’d)

A concrete BO formulation is inverse reinforcement learning, which infers
the reward function underlying observed expert policies.

Upper-level problem (leader):
Find reward parameters 6 such that the resulting optimal policy 7*(6)
matches the expert policy mg:

m@in Dist (7*(6), 7).

The distance can measure, e.g., differences in feature expectations or
divergence between the policies.

Lower-level problem (follower):
For a given reward function Ry, find an optimal policy:

t=0

T
7*(0) € argmaxE lz Ro(st, at)l .

It is a reinforcement-learning problem under the reward Ry.

10/80



Application 2: hyperparameter tuning

Training a machine-learning model often involves hyperparameters, which
determine how the model is trained.

Hyperparameters include regularization parameters, learning rates,
architecture parameters, and training-sample weights. They are distinct
from model parameters, which are learned from the training data.

A common strategy for tuning hyperparameters is to divide the available
data into training and validation sets [Franceschi et al. 2018], and then:

® for fixed hyperparameters A, use the training set to learn the model
parameters w;

® use the validation set to evaluate the trained model and select .

This naturally gives a BO problem: the upper level selects A, while the
lower level trains w under the selected A.

11/80



Application 2: hyperparameter tuning (cont’d)

Example (regularization parameter tuning): For a given
A= (A1,..., ), the model parameters are obtained from

w*(\) € argmin {Etr(w) + Z)\;R;(W)},
w i=1
where /4, is the training loss and R; are regularization functions.
The hyper-objective is the validation loss of the trained model:
B(A) == Lar (w*(N)).
Therefore, the resulting BO formulation is

Zin, beaw)

s.t. w € argmin {étr(z) + z’: /\,-R,-(z)}.

i=1
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Application 3: neural architecture search

Automate design of the neural network structure (e.g., number of layers,
connection types) [Liu et al. 2018, Xue et al. 2021].

Upper-level problem (leader): Find the best architecture a from a
search space A that minimizes validation loss:

min Lya(w*(a)).

aed val( ( ))

Lower-level problem (follower): For a given architecture a, train its
weights w* to convergence on the training data:

w*(a) = argmin Lyain(w, a).
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Application 4: power-grid vulnerability

Consider a power-grid vulnerability problem in which an attacker perturbs
transmission lines and a defender responds to restore feasible operation
[Kim et al. 2015].

e Attacker (leader): identify
the most destructive
transmission-line attack
subject to a limited budget.

® Defender (follower):
restore feasible grid
operation while minimizing
the amount of
power-adjustment.
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Application 4: power-grid vulnerability (cont’d)

The attacker solves

max  Fi(7v)
v
st. 1Ty <r7, 0<v<AL,

where ~y represents the attack levels on the transmission lines, 7 is the
maximum attack level on each line, and & controls the total attack
budget.

For a given attack -, the defender solves

Fi(y):=min ply
Xy

s.t. FL(X,y§’Y):O, x<x<XkX 0<y<y,

where F;(x,y;7) = 0 represents the power flow feasibility equations, x
represents the grid state variables with bounds x and X, y represents the
power-adjustment variables with upper bound y, and p contains their
weights.
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Application 5: adversarial training

Adversarial training aims to train a model that is robust against
worst-case perturbations. It is a minimax problem and can be viewed as a
special bilevel problem [Madry et al. 2018].

Upper-level problem (leader-minimizer):
Find model parameters w that minimize the expected loss under the
worst-case perturbation:

minE, ) [L(fw(u+ 6 (w, u,v)),v)],

where f,, denotes the model parameterized by w, and (u, v) denotes a
data sample with u being the input and v being its corresponding label.

Lower-level problem (follower-maximizer):
For the model w and a data sample (u, v), find a perturbation within the
prescribed set A that maximizes the loss:

6 (w, u,v) € argmax L (£, (u+ ), v).
sEA
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Other applications of BO

Other applications of BO include:
® DNN pruning [Sehwag et al. 2020, Zhang et al. 2022]
® Deep reinforcement learning [Gao et al. 2019, Vahdat et al. 2020]
® Wireless telecommunications [Sun et al. 2021, Gao et al. 2020]
® Data reweighting [Pan et al. 2024, Fan et al. 2024]
® LLM unlearning [Reisizadeh et al. 2025]

Several recent surveys provide broader overviews of BO and related topics
[Sinha et al. 2017, Zhang et al. 2024].
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Part |l: Bilevel optimization with strongly
convex lower-level objective function
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BO with strongly convex lower-level objective function

Consider a stochastic BO without lower-level constraints:
min  f(x,y) :=EcF(x,y;§)
X,y
s.t. y € argmin {?(X, z) == E:F(x,z C)} )

where f is smooth, f is twice differentiable, and ?(x, -) is L-smooth and
p-strongly convex for any x.

Strong convexity of f(x,-) implies that the lower-level minimizer
y*(x) := argmin, f(x, z) is unique. Moreover, y*(x) satisfies

Vy?(x,y*(x)) =0.

This, together with twice differentiability of f and nonsingularity of Viy?,
implies that y*(x) is continuously differentiable.
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Hypergradient formula

Observe that the hyper-objective function ®(x) = f(x, y*(x)) is
differentiable and

Vo(x) = Vif(x,y*(x)) + Vy* (x)V, f(x, y* (x)).
In addition, V,#(x, y*(x)) = 0. Differentiating it yields
VT 00y () + Vy* () V3, F(x,y"(x) = 0,
and thus
V() = V3, Flx,y () [3, Py ()]

Therefore,

VO(x) = Vi (x,y* ()2 Fx v () [V2 7y (0)] 9, F(xy" ()
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Stationarity system

Note that y = y*(x) if and only if V,,f(x,y) = 0. Therefore, V®(x) =0
is equivalent to the coupled system

H(x,y) =0, G(x,y) =0,
where
- - —1
Hx,y) = Vif(x,y) = V3, Fx,0) [V3,F000)] Vo f(y),
G(x,y) = Vy?(x,y).

This motivates a stochastic gradient descent scheme for finding an
approximate solution of this system.
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A Hessian-based stochastic gradient descent (SGD) method

A simple single-loop stochastic approximation scheme is

K
X1 = Xk — aH”,

K
Y1 = Yk — Bk G,

where H* and G* are stochastic estimates of H(xx, yx) and G(x, y«),
respectively.

e Estimating G* is straightforward since G(x,y) = IE,;V},IN-'(XJ; ¢).

. -1
® However, H(x,y) involves the inverse Hessian {Vf,yf(x, y)} . Since

B V2, E(yiQ)] # [EeviFieyio)]

it is more challenging to construct an estimator HX.
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A Hessian-based SGD method (cont’d)

Neumann series for matrix inverse estimation: Given a positive
definite matrix A, we aim to estimate A~1,

Note that A= 7[/ — (I — 77t A)] for any 7 > 0, and thus
Al=r 1= (1=71A)]

Suppose J|A|| < L and let 7 > L/2. Then ||/ — 7~ "A|| < 1. Since
(I—C)t =32, C for any ||C|| < 1, we have

At =771 i (1- T—lA)i.
i=0
We can estimate A~1 by truncating the series at depth T
) T-1 ) i
T ;é; (I - T /4) .
The truncation error is O(e) when T = O(log(1/¢€)).
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A Hessian-based SGD method (cont’d)

The truncated series can be estimated by sampling p uniformly from
{0,1,..., T — 1} and using T7! (/ — T_lA)p, thanks to the fact
T-1 i
E, [Tr_l(l - T_lA)p} =71 Z (l - T_lA) .

i=0

Suppose that A(¢), depending on some random variable ¢, is such that
A =E[A(()]. Let (q,...,(p be independent samples. Then we have

P
E[H(/fT*IA(g, ] HE[(/fT A(C))] = (I — LA
i=1
Let p be uniformly sampled from {0,1,..., T — 1}. It follows that

Bpcoe [T [0 - 7 AG)] = —lz( ).
i=1

Therefore, T []7_,(I — 77*A((;)) provides an unbiased estimate of

I (=AY
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A Hessian-based SGD method (cont’d)

Subroutine: estimating H(x, y) with depth t

Sample p € {0,...,t — 1} uniformly at random, and construct

)
He = ViF(x,y;€) — V4, F(x,y: ) [LLC 110 %Viyﬁ(x,y: Q))] VyF(x,y: ),

i=1

where ¢ := u/(u? + 02), 0% is a variance bound for the stochastic
Hessian estimator, and &, (o, (1, .., (p are independent.

The estimator Flt has exponentially decaying bias and bounded variance:

IH(x, y) = E[H]] = O (1 — cu/L)"),  E||H; — E[H]|* < 5>

Here, 52 is a constant consisting of the variance bounds of stochastic

gradients and Hessians.
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A Hessian-based SGD method (cont’d)

The two-timescale stochastic approximation (TTSA) algorithm [Hong et
al. 2023] uses the above hypergradient estimator with the truncation
depth t = O(log(1/€)) at each iteration.

TTSA algorithm for BO

Perform the recursion
Xk+1 = Xk — aka,
Vi1 = Yk — BV F (%, yii Cet1),

where H* is computed by the previous subroutine.

® Although the algorithm is single-loop, each update of x requires
constructing a hypergradient estimator.

® The hypergradient estimator requires stochastic Hessian evaluations
of the lower-level objective function.

® |t is called two-timescale stochastic approximation since a, and Gx
decay at different rates, typically with ax/Bx — 0.
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A Hessian-based SGD method (cont’d)

TTSA convergence measures:

Lower-level tracking error

For the lower-level problem, the key quantity is whether y* tracks y*(x*~1):

Ay =E[ly* —y (<" HIPL

Upper-level tracking error

The upper-level error is measured by

E[||x* — x*||] if ® is strongly convex,
Af = { E[O(xK) — d(x*)] if ® is convex,
E[|[Ve(x)|] if ® is weakly convex.
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A Hessian-based SGD method (cont’d)

TTSA convergence rates:

Hyper-objective ® Step size (a, Bk) Inner rate
Strongly convex O(K™1), O(K—2/3) O(K~2/3)
Convex O(K=3/%), O(K~1/?2) O(K~1/2)
Weakly convex O(K—3/%), O(K—2/5) O(K—2/%)

® The lower-level objective 7(x, ) is strongly convex and K is the total

number of iterations.

® The outer rate measures upper-level optimality or stationarity, while
the inner rate measures the lower-level tracking error.

28/80



A Hessian-based SGD method (cont’d)
TTSA sample complexity:

Table: Total sample complexity of BSA and TTSA

Method  Strongly convex  Convex  Weakly convex

BSA O(e~2) O(e™) O(e™?)
TTSA O(e73/?) O(e™) O(e75/?)

® The Bilevel Stochastic Approximation (BSA) method [Ghadimi &
Wang 2018] is a double-loop method. For each outer iterate x*, it
performs sufficiently many lower-level iterations to obtain
y¥ = y*(x*) and estimate the hypergradient. In contrast, TTSA is a
single-loop method, which continuously tracks y*(x*) using only one
lower-level stochastic-gradient update per iteration.

® Compared with BSA, TTSA improves the sample complexity by a
factor of O(e~/2) in the strongly convex and weakly convex
settings.
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A Hessian-based SGD method (cont’d)

Subroutine of TTSA: It approximates the Hessian inverse using a
truncated Neumann series and then estimates the resulting products
using independent samples.

Alternative subroutine: It directly computes the required
inverse-Hessian—vector product by solving a quadratic program problem.

For a given (x,y), consider

1 .
v*(x,y) := argmin {Q(v,x,y) = EVTV}%},f(X,y)V + Vyf(Xa)’)TV} .

Observe that v*(x,y) = —[Vﬁy?(x,y)]*lvyf(x,y), and hence the
hypergradient mapping can be written as

H(x,y) = Vf (x,y) + Vo, F(x, y)v* (x, ).

The above strongly convex quadratic program can be suitably solved by
the conjugate gradient method (deterministic case) or a stochastic
gradient method (stochastic case).
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A Hessian-based SGD method (cont’d)

Conjugate gradient method for convex quadratic program:

When exact Hessian-vector products are available, the conjugate gradient
method successively minimizes @ along directions d® dt, ... that are
conjugate with respect to A := Viyf(x,y):

(YA =0, i#].

® Each iteration only requires a Hessian-vector product Au, without
forming the Hessian inverse.

® Compared with ordinary gradient descent, the iteration complexity
improves from O(k log(1/€)) to O(y/klog(1/¢€)), where k is the
condition number of A.
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A Hessian-based SGD method (cont’d)

Stochastic gradient method for the above quadratic program:

When only stochastic gradient and Hessian estimators are available,
consider the stochastic gradient estimator

G(x,y,vi€,C) = Vi, F(x, yi Q)v + V, F(x, y:€).
It satisfies E[G(x, y, v; &, ()] = Vo Q(x,y, v).
Starting from V0, perform
VT = v —nG(x,y, vV &,¢), j=0,1,....

Each iteration also only requires a stochastic Hessian-vector product and
a stochastic gradient.
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A Hessian-free SGD method

TTSA requires computing the Hessian of f. We next introduce a
first-order method based on a value-function reformulation [Kwon et al.
2023].

Denote ?*(X) = min, ?(X,y). Then the BO problem can be equivalently

written as B B
min f(x, y) s.t. f(x,y) —f*(x) <0.
x,y

A penalty approach considers
EA(Xa )/) = f(va) + A(?(va) - ?*(X))v 'C;(X) = myin 'C)\(va)'

If X\ 'is sufficiently large, then L3 serves as an approximation of ®.
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A Hessian-free SGD method (cont’d)

The penalized function L3 is differentiable and
VLX) = Vi (6, Y3(3) + AV (6, Y3 (x) = ViF (x, 5" ().
where y{(x) := argmin, £)(x,y) and y*(x) := argmin, ?(x,y).
For sufficiently large A > 0,
[VO(x) = VLX) = O(1/A).

Therefore, to satisfy |[V®(x)|| < ¢, it suffices to find x such that
VLI (X)) < O(e) with A = O(1/e).
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A Hessian-free SGD method (cont’d)

Key idea: Perform a single SGD step on min, L3 (x) for some {A}.
Compute two auxiliary vectors
YR ya (k) zk =y ().
Then we set
di := Vief (Xk, yi) + Ak (Vx?(Xka) - Vx?(xlmzk))
as an approximation of VL3 (xx).
Finally, {xx} is updated by
X1 = Xk — Eaupdy,
while yyx and z are updated by first-order steps toward y3, (xx) and

y*(x«), respectively.
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A Hessian-free SGD method (cont’d)

Fully first-order stochastic approximation (F2SA) algorithm for BO

Input: step sizes {a, v« }, multiplier increment {0}, inner-loop number T,
step-size ratio &, and initialization Ao, X0, Yo, Zo.
1: for k=0,...,K—1do
2: Zk,0 < Zk, Yk,0 < Yk
3 fort=0,...,7T —1do
4 Zk,t4l & Zkt — th;:;
5 Ykt+1 < Ykt — Olk(h,;:; + )\kh;:;)
6: end for
7: Zk4+1 < Zk, Ty Yk+1 < Yk, T
8 xks1 & xk — o (hE, + Mh?:j - h,’;:j))
9: ka1 < Ak + 0k
10: end for

Here the h's are unbiased stochastic gradient estimates of the
corresponding gradients of  and f.
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A Hessian-free SGD method (cont’d)

F2SA convergence analysis:

The analysis is based on showing decrease of the potential function

L\ .
L=z =y (%)

2
2 ||‘

Vi = O(x) — O + Lphellyie — v, ()12 +

The form of V. ensures to control both tracking errors:

e =y3, Gl Nz =y ()l

The parameters are chosen as { =1, T = O(k), and
ak=0((k+ko)7?), w=0((k+k) ), M=0((k+k) ),
where 0 < ¢ < a <1 and k is a bound on the condition number of

Viyf(x, ).
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A Hessian-free SGD method (cont’d)

F2SA complexity:

The convergence rates of F2SA for finding xg with E||V(xg)|| < €
under different settings are given below.

Setting

Parameters (a, c)

Rate Iterations

f,f: stochastic
f: stochastic, f: deterministic
f,f: deterministic

(5/7,4/7)
(3/5,2/5)
(1/3,0)

O(K~YTy O™
O(K=%)  O(e™®)
O(K1/3)  O(e7?)

38/80



A Hessian-free SGD method (cont’d)
Tighter analysis for F2SA:

A key observation in [Chen et al. 2025] is that, for sufficiently large A,
IV2L5(x)Il = O(x%),
with no dependence on A. This follows from the sensitivity estimates
ly*(x) =yx() = 0(1/X),  [[Vy*(x) = Vyx(x)[| = O(1/}).
Consequently, the x-stepsize can be made significantly larger and the

refined algorithm converges faster.

For noisy gradients in both levels, noisy gradients only in f, and
deterministic gradients, respectively, the complexities are improved by a
factor of e~ 1:

O, O(e®), O(e3) = 0O %), O(e*), O(e?).
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A Hessian-free SGD method (cont’d)

Complexity lower bound for stochastic f and f:

At the exact lower-level solutions, VL3 admits the unbiased estimator

VL () = VF(x, y5 () €) + A(VaF(x, v (x); G1) = ViF(x,y*(x); ).

Due to A = O(1/¢) and bounded variance assumption, one has
E[|VL3(x) = VLA()|P] = O(X%) = O(e™).

Since the oracle complexity lower bound for smooth nonconvex stochastic
optimization with gradient variance o2 is Q(o%¢~*), the variance
amplification suggests that a lower bound of Q(¢~°) may be unavoidable.

Indeed, [Kwon et al. 2024] constructs a hard instance establishing an
Q(e7°) lower bound, showing that the O(¢~%) complexity is optimal.
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A Hessian-free SGD method (cont’d)

Improved complexity under stochastic smoothness condition:

Suppose the following stochastic smoothness condition holds:
E¢||VF(x,y1: Q) = Vi F(x,y2: QI < Llya — yel >

e Control yy and z such that [lyx — yx (x)ll, [z« — y* (x|, and
Hy;k(xk) — y*(x«)|| are all of order O(1/Ax). Then |lyx — zk|| = O(1/Ak).

e Using the same sample (, for the two lower-level gradients, consider
@Ef\k(xk) = V. F(Xk, yk; &) + )\k(VXI:_(Xk,yk; C) — Vi F (%, zi; k).
Notice that
Var[VL3, (x¢)] = Var[VF (xi, yi; &)1+ VarD (Ve F (e, yis )=V F (i, 21 G))]-
This and the stochastic smoothness condition imply
E[VL3, (<) — BIVLE, (]I < 0F + ML lyk -z = O(1).

Consequently, the complexity improves to O(e~*) [Kwon et al. 2024].
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Faster fully first-order stochastic approximation (F3SA)
The momentum-assisted gradient estimators [Khanduri et al. 2021] can
further improve the convergence rates under a stronger assumption (e.g.,
F and F satisfy smoothness and bounded gradient conditions almost
surely on the sample space).

F3SA algorithm for BO

Input: step sizes {ax, v« }, multiplier increment {dx}, momentum-weight
sequence {7}, step—size ratio £, and initialization Ao, X0, Yo, Zo.

1: for k =0,. —1do

2 Zpy1 & Zk — ’ykh

3 Yk+1 < Yk — Oék(hf’y + )\k;'l;,y)

4: Xk+1 < Xk — fak(ir';’x —+ )\k(i];’j — il;’)z())

5 Akl < Ak + Ok

6: end for

The momentum-assisted estimator for updating z is
Bt =V FOa 26 ¢8) + (L= m) (B! =V FOxe1, 21 €F)).

The estimators h¥ hk - hk’y and hkj are defined similarly using

f.y!
the same momentum- Welght sequence {nk}-
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F3SA parameter choice and complexity

Choose
ap=0((k+ k)™,  w=0(k+k)™),  m=(k+1)7%,

where 0 < ¢ < a <1, kg is an instance-dependent constant, and £ > 0 is
sufficiently small. Moreover,
5, = Tk

Yk _
A Newt = 25 = O((k + ko)2~°).
Ede M= = 0((k ko))

The convergence rates of F3SA for finding xg with E||V®(xg)|| < €
under different settings are given below.

Setting (a,¢) Rate Iterations
Both f and f stochastic  (3/5,2/5) O(K~1/5) O(e79)
Only f stochastic (1/2,1/4) Q(K‘l/“) O(e™*)
Deterministic (1/3,0) O(K~1/3) O(e73)
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Part Ill: Bilevel optimization with convex
lower-level objective function
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Unconstrained bilevel optimization

Consider unconstrained bilevel optimization (UBO)

min  f(x,y)
s.t. y € argminf(x,z).

Assumption:

* f(x,y) = Ailx,y) + h(x) and F(x,y) = A(x,y) + R(y).
® f, ?1 are Lipschitz smooth on X x ) with X := dom £ and

Y :=dom £, and ﬁ(x, -) is convex for any x € X.

* £, f, are proper closed prox-friendly convex functions.
Challenge: Under mere convexity, the lower-level solution may not be

unique, and its solution set may change discontinuously with x. This may
lead to an ill-behaved hyper-objective function .
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An example on ill-behaved hyper-objective function
Consider

min {&(x):= min x>+ y?}, Y*(x) := argmin xy.
X€[*1,1]{ Cd yeY*(x) y} () ye%—l,l] Y

Then

{_1}7 X > 07 )
Vi(x)={[-1.1], x=0, ¢(X):{x +1, x#0,
O’ x =0.

{1}, x <0,

Observe that Y*(-) changes discontinuously at x =0, and ® is
discontinuous at x = 0.

y'=1
y'=-1

L 2

Figure: The hyper-objective function ®(-) (left) and the lower-level solution set
Y*(+) (right)
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Related work

Numerous studies on special classes of UBO:
® constraint-based methods (Hansen et al. 1992)

® gradient-type methods (Liu et al. 2021; Ji & Liang 2022; Liu et al.
2022; Hu et al. 2023; Kwon et al. 2023)

® interior-point method (Liu et al. 2021),
pseudo-second-order method (Sow et al. 2022)

® primal-dual gradient method (Sow et al. 2022)

® perturbed gradient-based method (Huang et al. 2023)
® zeroth-order methods (Chen et al. 2023)

® smoothing method (Alcantara & Takeda 2026)

® many more ...

Our approach: solve UBO via minimax optimization (Lu & Mei 2024).
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Strongly-convex-strongly-concave minimax optimization

Consider a strongly-convex-strongly-concave minimax (SCSCM)
problem

min max {I:I(X,y) = h(x,y) + p(x) — a()}

X y
where

° Fl(x,y) is o-strongly-convex-o,-strongly-concave and Lgz-smooth
on dom p x dom q for some oy, 0, > 0,

® p and g are proper closed prox-friendly convex functions.

Goal: find an &stationary point (x, y) satisfying dist(0, 0 H(x,y)) < €
and dist(0, 9, H(x, y)) < € for any & > 0.
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A modified optimal first-order method for SCSCM

Algorithm 1: A modified optimal first-order method for SCSCM [Lu & Mei 2025]

Input: € >0, 20 = z? € —oxdom p, 0 = y? € dom gq, (zO,yO) = (20,}70),
& = min {1 \/SO'y/UX} Nz = 0x/2, ny = min {1/(20y),4/(acx)},

Be =2/(t+3), ¢ = (2V5(1 +8Ly/0x)) " 7 =y = 805 L, and
C_mln{ax,ay}/L . Set k =0.

1. Set t = 0 and compute
(z,y5) = a(z",y*) + (1 — &)(zf, vf),
(LYo = (o 2 ),
XK = proxe, ,(x* 71 = Cyxaf(x 7L, yR ),
YR = proxc, (V7 = Cyyaf (xR yo ),
b = (7 — (g (xR, y o) — xR0 /()

bl Cyyak(xt, yoo =) — yR0) /(¢ ).

k,0 _
by - (y

k, k,
2. If yellaf (xRt yoor) + BT |12 + Ay llak (xRt yot) + by |2 <
xRt — xko =112 4 45 [yRt — yho—1)12) g0 to step 5.
Ty WY y g
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A modified optimal first-order method for SCSCM (cont’d)

________________________________________________________________________________|]
3. Compute
Xk,t+1/2 — Xk,t + 5:(Xk'0 _ Xk,t) _ C'yx(af(xk’t,yk’t) 4+ bi(,t)’
yRE2 = yht g g (yk0 — ykty — Cyy (af (RF, yR!) + BT,
shot+l P"OX@Xp(Xk’t + ﬁt(xk’o e - C,yxa)lj(xk,tJrl/Z’yk,t+l/2)),
yk,t+1 — PVOXC-Y q(yk,t + Bt( k,0 _ yk,t) _ C’Yya;((Xk’Hl/Q,yk’t+1/2))
bk t+1 _ (Xk,t 4 ﬂt(Xk ,0 Xk t) — (yxa ( k,t+1/27yk,t+1/2) — x ’H—l)/(C’Y )
bt = (yRF 4 Be(y*0 — yoT) — Cyyaf (P2, y R H2) — Rt f(¢y).

k,t)

4. Set t < t+ 1, and go to step 2.
5. Compute

(xkﬂ,y?H) — (Xk’t,yk’t)

(Z'I:Jrl k+1) = (Vx h(Xk+1’yf+1) + bk it _vyh(Xk+17yf+1) + bk 1),
2k — Sk 207 1(Zk+1 Zk) — 77z(x;‘+1 + a;lz;‘+1)7

k+1 k+1 _ yk)

k—+1 —1_k+1
y =y +77y0'y(yf + —0oy et

— 77y(W,£<+1 +Uy}’,f+1)7 X =
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A modified optimal first-order method for SCSCM (cont’d)

6. Compute
gkt — proxc-p(xk'*'1 — OV h(xM L yktLyy,

ykJrl — pI’Ong(yk+l + EVyE(Xk+l,yk+1)).

7. Terminate the algorithm and output (X**+1, yk+1) if
[CTHOH = M L — ) — (WRGHH, yRH) — VA, 7)) < &

8. Set k <+ k+1, and go to step 1.

Remark. It is a slight modification of an optimal first-order method for SCSCM
(Kovalev & Gasnikov 2022) by incorporating a verifiable termination criterion.

Theorem (Complexity of Algorithm 1)

Algorithm 1 outputs an €-stationary point (x, y) satisfying dist(0, Ox A(x, ,¥)) < € and
dist(0, 0y H(x, y)) < & within O((Lyp/+/0x0y) loge~t) evaluations of Vh and the
proximal operators of p and q.
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Nonconvex-concave minimax optimization

Consider a nonconvex-concave minimax (NCCM) problem
minmax {H(x, y) := h(x, y) + p(x) = q(y)},

where

® his Lyp-smooth on dom p x dom g and h(x,-) is concave for any
x € dom p,

® p and g are proper closed prox-friendly convex functions, and dom g
is compact.

Goal: find an e-stationary point (x, y) satisfying dist(0, xH(x,y)) < €
and dist(0, 9, H(x, y)) < € for any € > 0.
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A first-order method for NCCM

Our approach: apply Algorithm 1 to solve miny max, {hx(x,y) + p(x) — q(y)}, where

hi(x,y) = h(x,y) + Luallx = x|* = elly = 3°11%/(4Dy).

Algorithm 2: A first-order method for NCCM [Lu & Mei 2025]

Input: € >0, & € (0,¢/2], (X°,5°) € dom p x dom g, (x°,y°) = (%%, °), and
€ = €0/(k aF 1) Set kK = 0.
1. Call Algorithm 1 with h < hy, €< &k, Ox <~ Lyh, oy < €/(2Dy),
Loy < 3Lyn +€/(2Dy), 2° = z? — —oxxk, 70 = y19 + y*, and denote its
output by (xkt1, yk+1),

2. Terminate the algorithm and output (x¥*1, yk+1) if
[[x¥F = x¥|| < e/(4Lvn).

3. Set k+ k+ 1, and go to step 1.

Theorem (Complexity of Algorithm 2)

Algorithm 2 outputs an e-stationary point (x,y) satisfying dist(0, OxH(x,y)) < e and
dist(0, y H(x, y)) < € within O(e~>/?log e~ 1) evaluations of Vh and the proximal
operators of p and q.

Remark: For nonconvex-strongly-concave minimax problem, Algorithm 2 can be
modified to achieve an improved complexity of O(e~2loge™1).
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Minimax approximation of UBO

Observation: y € argmin 7(x,z) < f(x,y) < minf(x, z).

Hence, UBO can be wzritten as
n)?Aiyn{f(x,y)|7N‘(x,y) < mzin f(x,2)}.
It can be approximately solved as
min f(x, ) + p(f(x,y) — minf(x, 2)),
which is equivalent to the minimax problem

minmax P,(x,y,z), where P,(x,y,z):= f(x,y)+p(f(x,y)—f(x,2)).

X,y z
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A conceptual penalty method for UBO

Algorithm 3: A conceptual penalty method for UBO

Input: positive sequences {px} and {ex} with limy_o0(pk, €x) = (00, 0).
Set k = 0.

1. Find an e4-optimal solution (x*, y*, z¥) of problem
min , max; P, (x,y, z).!

2. Set k < k+1, and go to step 1.

Theorem (Convergence of Algorithm 3)

Suppose that {(x*, y*, z¥)} is generated by Algorithm 3. Then any
accumulation point of {(x*,y*)} is an optimal solution of UBO.

Remark: Algorithm 3 is not implementable in general.

Y(xe, ye) is called an e-optimal solution of the problem W* = min, max, W(x, y) if
maxy, WU(xe,y) — V(xe,¥e) < e and W(xe,ye) —V* <e.
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e-KKT solution of UBO

Recall that UBO can be written as
min{£(x, y)[F(x, y) < minF(x, 2)}.
X,y z

® A KKT solution (x,y) of it satisfies f(x, y) < min, f(x, z) and moreover (x, y) is
a stationary point of

min f(x’,y") + p(f(x',y’) — minf(x',2')) for some p > 0.
PR 2!
® The latter problem is equivalent to
min max f(x', ') + p(F(x',y") = F(x', 2)),
ley/ Z/
whose stationary point satisfies

0 € f(x,y) + pdF(x,y) — (pVxF(x,2);0), 0 € pd,f(x,z).

Definition (e-KKT solution of UBO)

For any € > 0, (x,y) is said to be an e-KKT solution of UBO if there exists
(z,p) € R™ X Ry such that

dist (0, Af(x,y) + pdf(x,y) — (pVxF(x, z); 0)) <e, dist(0,pd;f(x,2)) <ce,

f(x,y) —minf(x,2') <e.
ZI

56 /80



e-KKT solution of UBO (cont’d)

Under lower-level strong convexity and suitable smoothness assumptions,
an -KKT solution of UBO yields an approximate stationary point of the
hyper-objective function ¢.

Theorem (e-KKT — stationarity of ®)

Suppose that )?(X, -) is strongly convex and that f and f are smooth. If
(x,y) is an e-KKT solution of UBO, then |[V®(x)|| = O(y/€). Moreover,
if the associated penalty parameter satisfies p = Q(e~1), then

[Ve(x)|| = O(e).
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A practical penalty method for UBO

Goal: find an O(e)-KKT solution of UBO.

Algorithm 4: A practical penalty method for UBO [Lu & Mei 2025]

Input: € € (0,1/4], p=e71, (x°,y°) € X x Y with
f(x% y°) < min, f(x%y) +e.
1. Call Algorithm 2 with € < ¢, & « £3/2, 2% < (x%,°), ° « )°,
and Lyp ¢ Lyg + 2 Ly to find an e-stationary point (xc, ye, z)
of min, , max, P,(x,y, z).
2. Output (X, ye)-

Remark: Algorithm 4 can be modified to solve a sequence of subproblems with
dynamic penalty and tolerance parameters.
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A practical penalty method for UBO (cont’d)

Theorem (Complexity of Algorithm 4)

Algorithm 4 outputs an O(g)-KKT solution of UBO within

(9(5_~4 loge~1) evaluations of V', V)N‘l and the proximal operators of
and f,.

Remark: For UBO with f being strongly convex with respect to y, this
complexity can be improved to O(¢ 3 loge1).
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Constrained bilevel optimization

Consider constrained bilevel optimization (CBO)

min  f(x,y)
s.t. y € argmin{f(x,z)|g(x, z) <0},

where f and f satisfy all the above assumptions and also the following
additional assumptions:

® g is Lipschitz smooth on X x ),

® 5i(x,-) is convex and there exists 2, € ) for each x € X’ such that
gi(x,2¢) <0 for all /.
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Related work

Existing methods for special classes of CBO:

gradient-based methods (Allende & Still 2013, Luo et al. 1996, Yang
et al. 2021) for solving CBO with f and f being smooth and g being
convex with respect to y

second-order method (Ma et al. 2021) for solving CBO with fand g
being three times continuously differentiable

difference-of-convex algorithm (Ve et al. 2022) for solving CBO with
f being a DC function and f, g being convex functions

relaxation method based on lower-level Wolfe duality (Li et al. 2023)

many more ...

Our approach: solve CBO via minimax optimization (Lu & Mei 2024).
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Minimax approximation of CBO

Introduce a penalty function for the lower level problem

Pu(x,2) = F(x, 2) + | [&(x. 2)] 4|

Observation:

® CBO can be approximately solved as the UBO
f, = r'Qlyn {f(x,y)|y IS arg;nin ,E’H(x,z)}.

® This UBO can be approximately solved as the penalty problem
minf(x,y) + p(Pu(x. ) = min P.(x.2))

and hence the minimax problem

min max {Pp#(x,y,z) =f(x,y)+ p(ﬁ#(x,y) - ﬁ#(x, z))} .

X,y z
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A conceptual penalty method for CBO

Algorithm 5: A conceptual penalty method for CBO

Input: positive sequences {pi}, {ux} and {ex} with
Iimk_,oo(pk,,uk, Ek) = (OO7 0, 0) Set k = 0.
1. Find an e,-optimal solution (x*, y*, z¥) of problem
miny , max; P,, .. (x,y,2).
2. Set k < k+1, and go to step 1.

Theorem (Convergence of Algorithm 5)

Suppose that {(x*, y*,z¥)} is generated by Algorithm 5. Then any
accumulation point of {(x*,y*)} is an optimal solution of CBO.

Remark: Algorithm 5 is not implementable in general.
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e-KKT solution of CBO

Note that CBO can be viewed as
min{f(x,y)[f(x,y) <F(x), &(x,y) <0},
where f*(x) = min,{f(x, z)|g(x, z) < 0}.
® |ts associated Lagrangian function is given by
L0y, p,A) = F0x,y) + p(F(x,y) = F(x)) + (X & (x, ).
e A KKT solution (x, y) of CBO satisfies
Flx,y) T (x), E(xy) <0, (ME(x¥) =0,

and moreover (x, y) is a stationary point of the problem
miny v L(x',y’, p, ) for some p, A > 0.
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e-KKT solution of CBO (cont’d)

It can be shown that min, ,» L(x',y’, p, \) is equivalent to

min max {F(x',y ) +p(F(x',y )~ F(x', 2) (X 2, 2) + (0 By )50 (1)),

x'y' N z’

whose stationary point (x,y, X, z) satisfies
0 € Of(x,y) + pof(x,y) — p(VxF(x, 2) + Vi&(x, 2)X; 0) + VE(x, y)A,
0 € p(8.f(x, z) + V.&(x, 2)A),
XeR., B(x,z)<0, (X &(x,z))=0.

Definition (s-KKT solution of CBO)

For any € > 0, (x,y) is said to be an e-KKT solution of CBO if there exists
(z,p,\,A) €ER™ x Ry x R, x R/ such that

dist (O, Af(x,y) + pdf(x,y) — p(VxF(x,2) + V&(x, 2)X; 0) + VE(x, y))\) <eg,
dist (o, p(8:F(x, 2) + Vzg(x,z)i\)) <e,
g2l < e, [N E(x2) <e,

‘?(X7y)_?*(x)| <e H[E(X7y)]+|‘ <e |<)\,g‘(X,y)>| <k,
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A practical penalty method for CBO

Goal: find an O(g)-KKT solution of CBO.

Algorithm 6: A practical penalty method for CBO [Lu & Mei 2024]

Input: ¢ € (0,1/4], p=e71, p=2¢72, (x%y°) € X x Y with
P.(x° y®%) < min, P,(x% y)+¢e. Set k =0.
1. Call Algorithm 2 with € < ¢, & « £%/2, 8% < (x°,y°), and §° < y°
to find an e-stationary point (x, y, zc) of min,, max, P, ,(x,y, z).

2. Output (X, Ye)-

Remark: Algorithm 6 can be modified to solve a sequence of subproblems with
dynamic penalty and tolerance parameters.
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A practical penalty method for CBO (cont’d)

Theorem (Complexity of Algorithm 6)

Algorithm 6 outputs an O(g)-KKT solution of CBO within

O(e™"loge™1) evaluations of Vfi, V#, V& and the proximal operators
of f» and f.

Remark: For CBO with being strongly convex with respect to y, this
complexity can be improved to O(e % loge~1).

67/80



Numerical results: unconstrained bilevel optimization

min  ¢"x+dTy + 6j_1,1+(x)

s.t. y €argmin {XTZ\Z +2™Bz+dTz+ 5[_171]m(z)} ,

where A€ R™™ B c R™™ ¢ cR" d,deR™ and ds(-) is the
indicator function of S. Apply Algorithm 4 with ¢ = 1074,

n m Initial objective value Final objective value
100 100 -0.35 -101.67
200 200 -0.53 -194.91
300 300 -0.48 -307.43
400 400 -0.44 -401.71
500 500 -0.05 -527.45
600 600 0.99 -644.53
700 700 0.49 -759.54
800 800 -1.23 -872.77
900 900 -2.07 -1004.27
1000 1000 -1.06 -1107.61
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Numerical results: constrained bilevel optimization

min  c"x+dTy + §_11p(x)
s.t. y € argmin {aTz + 5[_1,1]m(z)‘/~4x +Bz—b< O} ,

where c € R", d,d e R™, b e R/, A e R*" and B € RIXm, Apply
Algorithm 6 with ¢ = 1074

n m I || Initial objective value Final objective value
100 100 5 -0.51 -34.83
200 200 10 -0.15 -121.41
300 300 15 1.56 -208.44
400 400 20 -0.04 -298.25
500 500 25 1.45 -384.77
600 600 30 0.75 -470.31
700 700 35 0.09 -568.26
800 800 40 -0.98 -629.61
900 900 45 1.21 -689.00
1000 1000 50 1.44 -781.79
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A sequential minimax optimization method for CBO
Goal: propose a sequential minimax optimization (SMO) method for CBO

min  f(x,y)
s.t. y € argmin{f(x, z)|g(x, z) < 0}.

Observation:
® CBO can be approximately solved as

min  f(x,y) }
sty € argmin{f(x, 2) + g, (A + ng(x, 2] = 1M}

2pp

® The latter can be approximately solved as

min f(x. ) + p(Fe ) + 5 (I + ngGeyll? = IA17)

L1
2pp
. (7 1 ~ 2 2
i )+ (10 e ) ),
min {7, 2) + 5 (I + g0 207 = I
which is equivalent to miny,, max; L(x, y, z, A; p, ) where

~ 1 .
L(x,y,2, X p, ) =F(x,y) + pf(x,y) + o 1A + 1&g (< )]+l

— pF(x,2) - inu + g 2P
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A sequential minimax optimization method for CBO (cont’d)

Define 1
~ _ - o 2
L(x,z, X p, 1) := f(x,2) + 2o A+ k& (x, 2)]+["

Algorithm 7: A sequential minimax optimization method for CBO [Lu &

Mei 2026]

Input: ¢, 7 € (0,1), e € (7¢,1], Xex Yey ey e=etk pr= e;l,
pk = €2, Nk = ex, and \° € R, Set k = 0.

1. Call Nesterov's accelerated proximal gradient method starting at y¥ to
find an ne-optimal solution yf;; of min, £(x*, z, \*; px, k).

2. Call Algorithm 2 with € < ek, & <« ex/(2/x), X° < (Xk,y{;it), and
§° < z* to find an ex-stationary point (x**1, y*t1 Zk+1) of

min max L(x, y, z, N ok, Lk )-
X,y z

3. Set ATt = [\ 4 g (x L, 2]

4. If ¢, < e, terminate the algorithm and output (x*™*, y¥™1).

5. Set k< k—+1, and go to step 1.
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A sequential minimax optimization method for CBO (cont’d)

Theorem (Complexity of Algorithm 7)

Algorithm 7 outputs an O(g)-KKT solution of CBO within

O(e™"loge™1) evaluations of Vfi, V#, V& and the proximal operators
of f» and f.

Remark: For CBO with being strongly convex with respect to y, the
above complexity can be improved to O(¢~%loge~1).
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Numerical result

min  c’x+dTy+61,10(x)
s.t. y € argmin {ngz + 6[,1,1]m(z)‘2x +Bz-b< O} ,

where c € R", d,d € R™, b e R/, Ac R'*" and B € R'’*™. Apply
Algorithms 6 and 7 with ¢ = 1074

Initial obj val Final obj val CPU time (seconds)
n m / SMO FPM SMO FPM
100 100 5 0.22 —75.78 —75.75 7.4 22.1
200 200 10 —0.38 —154.20 —154.18 12.5 107.9
300 300 15 —-0.11 —246.70 —246.66 24.1 267.8
400 400 20 0.34 —305.97 —305.89 || 37.0 561.6
500 500 25 0.96 —394.74 —394.70 || 63.8 719.8
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Improved complexity for finding an s-KKT solution
[Shen et al. 2026] proposed a saddle-point reformulation of the
constrained lower-level problem, avoiding the introduction of an
additional penalty parameter for the lower-level constraints.

Fact: For any sufficiently large A, y € argmin,{f(x,z) | &(x,z) < 0} if
and only if there exists A € [0, A]’ such that (y, \) is a saddle point of

L(X7y/7 >\/; /\) = ?(va,) + <)‘/7E(Xay/)> - 6[0,/\]/(>‘/)'
e Define the saddle-point gap function by

G(x,y, A, A) == max L(x, y, \; A) — min L(x, 7, \; A).
X y

Then (y, A) is a saddle point if and only if G(x,y, A\;A) = 0.
e Penalizing the gap function G yields the minimax approximation:

min max { £(x, ) + p(Lx, v, K A) = L(x, 7, A A)) }.
YA A

e Applying an algorithmic framework similar to Algorithm 2 yields an
O(e™*) oracle complexity for finding an e-KKT solution of CBO.
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Summary

® Introduced the historical background of bilevel optimization and its
modern applications in machine learning.

® For bilevel optimization with a strongly convex lower-level objective
function, presented the two-timescale stochastic approximation
(TTSA) algorithm and the fully first-order stochastic approximation
(F?SA) method, together with their iteration complexity guarantees.

® For bilevel optimization with a convex lower-level objective function,
discussed the challenges arising from nonunique lower-level solutions,
reformulated the bilevel problem as a minimax optimization problem,
and presented implementable first-order penalty methods with
provable iteration complexity guarantees.

Thank youl!
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