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Part I: Introduction to bilevel optimization

3 / 80



Introduction to bilevel optimization (BO)

Mathematical form:

min
x,y

f (x , y)

s.t. y ∈ argmin
z

{
f̃ (x , z) | g̃(x , z) ≤ 0

}
.

• f is the upper-level objective function, while f̃ and g̃ are the
lower-level objective and constraint functions, respectively.

• x is the upper-level decision variable (leader), and y is the
lower-level decision variable (follower).

• The associated hyper-objective function is

Φ(x) := min

{
f (x , y) | y ∈ argmin

z

{
f̃ (x , z) | g̃(x , z) ≤ 0

}}
,

and the BO problem can be equivalently written as minx Φ(x).
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Historical background of BO

In 1934, Heinrich von Stackelberg introduced the Stackelberg game, a
strategic game involving two players [Stackelberg 1934].

Leader: moves first and commits to a strategy.

Follower: observes the leader’s decision and chooses an optimal response.

The leader anticipates the reaction of the follower and optimizes its own
objective.

This leader-follower paradigm naturally corresponds to the hierarchical
structure of BO.
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Historical background of BO (cont’d)

The term “bilevel”
optimization was formally
introduced in the early
1970s, with an application to
military resource allocation
[Bracken and McGill 1973].

The terms “bilevel” and
“multilevel” optimization
were subsequently introduced
in a World Bank report.
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Historical background of BO (cont’d)

Since the 1980s, BO has received increasing attention due to its
applications in transportation, economics, power systems, signal
processing, and machine learning.

Modern machine learning problems often involve several interacting
learning or optimization subproblems. BO provides a natural framework
for modeling such problems because it explicitly captures their
hierarchical structure.
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Application 1: AI learning from experience

The Era of Experience envisions an AI learning paradigm based on
continued interaction and feedback rather than only static datasets
[Silver and Sutton 2025].

This paradigm introduces nested learning dynamics:
• Upper level: learn a reward or preference model from human

feedback.
• Lower level: adapt the policy through reinforcement learning under

the learned reward.

Silver and Sutton, “Welcome to the Era of Experience,” 2025
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Application 1: AI learning from experience (cont’d)

BO provides a natural algorithmic framework for jointly learning the
reward model and the corresponding policy.

A rough BO formulation is

min
θreward

Luser
(
π?(θreward)

)
s.t. π?(θreward) ∈ argmax

π
Rθreward(π).

• Feedback is provided interactively
during training through preferences,
corrections, or satisfaction scores.

• Rθ is a reward model that is updated
using the received feedback.

• π?(θ) is the corresponding policy,
which is optimized to maximize the
learned reward.
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Application 1: AI learning from experience (cont’d)

A concrete BO formulation is inverse reinforcement learning, which infers
the reward function underlying observed expert policies.

Upper-level problem (leader):
Find reward parameters θ such that the resulting optimal policy π?(θ)
matches the expert policy πE :

min
θ

Dist
(
π?(θ), πE

)
.

The distance can measure, e.g., differences in feature expectations or
divergence between the policies.

Lower-level problem (follower):
For a given reward function Rθ, find an optimal policy:

π?(θ) ∈ argmax
π

Eτ∼π

[ T∑
t=0

Rθ(st , at)

]
.

It is a reinforcement-learning problem under the reward Rθ.
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Application 2: hyperparameter tuning

Training a machine-learning model often involves hyperparameters, which
determine how the model is trained.

Hyperparameters include regularization parameters, learning rates,
architecture parameters, and training-sample weights. They are distinct
from model parameters, which are learned from the training data.

A common strategy for tuning hyperparameters is to divide the available
data into training and validation sets [Franceschi et al. 2018], and then:
• for fixed hyperparameters λ, use the training set to learn the model

parameters w ;
• use the validation set to evaluate the trained model and select λ.

This naturally gives a BO problem: the upper level selects λ, while the
lower level trains w under the selected λ.
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Application 2: hyperparameter tuning (cont’d)

Example (regularization parameter tuning): For a given
λ = (λ1, . . . , λr ), the model parameters are obtained from

w?(λ) ∈ argmin
w

{
`tr(w) +

r∑
i=1

λiRi(w)
}
,

where `tr is the training loss and Ri are regularization functions.
The hyper-objective is the validation loss of the trained model:

Φ(λ) := `val
(
w?(λ)

)
.

Therefore, the resulting BO formulation is

min
λ≥0,w

`val(w)

s.t. w ∈ argmin
z

{
`tr(z) +

r∑
i=1

λiRi(z)
}
.
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Application 3: neural architecture search

Automate design of the neural network structure (e.g., number of layers,
connection types) [Liu et al. 2018, Xue et al. 2021].

Upper-level problem (leader): Find the best architecture a from a
search space A that minimizes validation loss:

min
a∈A
Lval(w∗(a)).

Lower-level problem (follower): For a given architecture a, train its
weights w∗ to convergence on the training data:

w∗(a) = argmin
w
Ltrain(w , a).
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Application 4: power-grid vulnerability

Consider a power-grid vulnerability problem in which an attacker perturbs
transmission lines and a defender responds to restore feasible operation
[Kim et al. 2015].
• Attacker (leader): identify

the most destructive
transmission-line attack
subject to a limited budget.

• Defender (follower):
restore feasible grid
operation while minimizing
the amount of
power-adjustment.
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Application 4: power-grid vulnerability (cont’d)

The attacker solves

max
γ

FL(γ)

s.t. 1>γ ≤ κγ̄, 0 ≤ γ ≤ γ̄1,

where γ represents the attack levels on the transmission lines, γ̄ is the
maximum attack level on each line, and κ controls the total attack
budget.

For a given attack γ, the defender solves

FL(γ) := min
x,y

p>y
s.t. FL(x , y ; γ) = 0, x ≤ x ≤ x̄ , 0 ≤ y ≤ ȳ ,

where FL(x , y ; γ) = 0 represents the power flow feasibility equations, x
represents the grid state variables with bounds x and x̄ , y represents the
power-adjustment variables with upper bound ȳ , and p contains their
weights.
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Application 5: adversarial training

Adversarial training aims to train a model that is robust against
worst-case perturbations. It is a minimax problem and can be viewed as a
special bilevel problem [Madry et al. 2018].

Upper-level problem (leader-minimizer):
Find model parameters w that minimize the expected loss under the
worst-case perturbation:

min
w

E(u,v)
[
L
(
fw (u + δ?(w , u, v)), v

)]
,

where fw denotes the model parameterized by w , and (u, v) denotes a
data sample with u being the input and v being its corresponding label.

Lower-level problem (follower-maximizer):
For the model w and a data sample (u, v), find a perturbation within the
prescribed set ∆ that maximizes the loss:

δ?(w , u, v) ∈ argmax
δ∈∆

L
(
fw (u + δ), v

)
.
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Other applications of BO

Other applications of BO include:
• DNN pruning [Sehwag et al. 2020, Zhang et al. 2022]
• Deep reinforcement learning [Gao et al. 2019, Vahdat et al. 2020]
• Wireless telecommunications [Sun et al. 2021, Gao et al. 2020]
• Data reweighting [Pan et al. 2024, Fan et al. 2024]
• LLM unlearning [Reisizadeh et al. 2025]

Several recent surveys provide broader overviews of BO and related topics
[Sinha et al. 2017, Zhang et al. 2024].
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Part II: Bilevel optimization with strongly
convex lower-level objective function
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BO with strongly convex lower-level objective function

Consider a stochastic BO without lower-level constraints:

min
x,y

f (x , y) := EξF (x , y ; ξ)

s.t. y ∈ argmin
z

{
f̃ (x , z) := Eζ F̃ (x , z; ζ)

}
,

where f is smooth, f̃ is twice differentiable, and f̃ (x , ·) is L-smooth and
µ-strongly convex for any x .

Strong convexity of f̃ (x , ·) implies that the lower-level minimizer
y∗(x) := argminz f̃ (x , z) is unique. Moreover, y∗(x) satisfies

∇y f̃ (x , y∗(x)) = 0.

This, together with twice differentiability of f̃ and nonsingularity of ∇2
yy f̃ ,

implies that y∗(x) is continuously differentiable.
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Hypergradient formula

Observe that the hyper-objective function Φ(x) = f (x , y∗(x)) is
differentiable and

∇Φ(x) = ∇x f (x , y∗(x)) +∇y∗(x)∇y f (x , y∗(x)).

In addition, ∇y f̃ (x , y∗(x)) = 0. Differentiating it yields

∇2
xy f̃ (x , y∗(x)) +∇y∗(x)∇2

yy f̃ (x , y∗(x)) = 0,

and thus

∇y∗(x) = −∇2
xy f̃ (x , y∗(x))

[
∇2

yy f̃ (x , y∗(x))
]−1

.

Therefore,

∇Φ(x) = ∇x f (x , y∗(x))−∇2
xy f̃ (x , y∗(x))

[
∇2

yy f̃ (x , y∗(x))
]−1
∇y f (x , y∗(x)).
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Stationarity system

Note that y = y∗(x) if and only if ∇y f̃ (x , y) = 0. Therefore, ∇Φ(x) = 0
is equivalent to the coupled system

H(x , y) = 0, G(x , y) = 0,

where

H(x , y) := ∇x f (x , y)−∇2
xy f̃ (x , y)

[
∇2

yy f̃ (x , y)
]−1
∇y f (x , y),

G(x , y) := ∇y f̃ (x , y).

This motivates a stochastic gradient descent scheme for finding an
approximate solution of this system.
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A Hessian-based stochastic gradient descent (SGD) method

A simple single-loop stochastic approximation scheme is

xk+1 = xk − αkHk ,

yk+1 = yk − βkGk ,

where Hk and Gk are stochastic estimates of H(xk , yk) and G(xk , yk),
respectively.

• Estimating Gk is straightforward since G(x , y) = Eζ∇y F̃ (x , y ; ζ).

• However, H(x , y) involves the inverse Hessian
[
∇2

yy f̃ (x , y)
]−1

. Since

Eζ

[
∇2

yy F̃ (x , y ; ζ)
]−1
6=

[
Eζ∇2

yy F̃ (x , y ; ζ)
]−1

,

it is more challenging to construct an estimator Hk .
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A Hessian-based SGD method (cont’d)

Neumann series for matrix inverse estimation: Given a positive
definite matrix A, we aim to estimate A−1.

Note that A = τ [I − (I − τ−1A)] for any τ > 0, and thus

A−1 = τ−1 [I − (
I − τ−1A

)]−1
.

Suppose ‖A‖ ≤ L and let τ > L/2. Then ‖I − τ−1A‖ < 1. Since
(I − C)−1 =

∑∞
i=0 C i for any ‖C‖ < 1, we have

A−1 = τ−1
∞∑
i=0

(
I − τ−1A

)i
.

We can estimate A−1 by truncating the series at depth T :

τ−1
T−1∑
i=0

(
I − τ−1A

)i
.

The truncation error is O(ε) when T = O(log(1/ε)).
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A Hessian-based SGD method (cont’d)
The truncated series can be estimated by sampling p uniformly from
{0, 1, . . . ,T − 1} and using Tτ−1 (I − τ−1A

)p , thanks to the fact

Ep
[
Tτ−1(I − τ−1A)p] = τ−1

T−1∑
i=0

(
I − τ−1A

)i
.

Suppose that A(ζ), depending on some random variable ζ, is such that
A = E[A(ζ)]. Let ζ1, . . . , ζp be independent samples. Then we have

E
[ p∏

i=1

(I − τ−1A(ζi))
]
=

p∏
i=1

E[(I − τ−1A(ζi))] = (I − τ−1A)p .

Let p be uniformly sampled from {0, 1, . . . ,T − 1}. It follows that

Ep,ζ1,...,ζp

[
Tτ−1

p∏
i=1

(I − τ−1A(ζi))
]
= τ−1

T−1∑
i=0

(
I − τ−1A

)i
.

Therefore, Tτ−1 ∏p
i=1(I − τ−1A(ζi)) provides an unbiased estimate of

τ−1 ∑T−1
i=0

(
I − τ−1A

)i .
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A Hessian-based SGD method (cont’d)

Subroutine: estimating H(x , y) with depth t
Sample p ∈ {0, . . . , t − 1} uniformly at random, and construct

Ĥt = ∇x F (x , y ; ξ)−∇2
xy F̃ (x , y ; ζ0)

[ tc
L

p∏
i=1

(
I − c

L∇
2
yy F̃ (x , y ; ζi)

)]
∇y F (x , y ; ξ),

where c := µ/(µ2 + σ2), σ2 is a variance bound for the stochastic
Hessian estimator, and ξ, ζ0, ζ1, . . . , ζp are independent.

The estimator Ĥt has exponentially decaying bias and bounded variance:

‖H(x , y)− E[Ĥt ]‖ = O
(
(1− cµ/L)t) , E‖Ĥt − E[Ĥt ]‖2 ≤ σ̂2.

Here, σ̂2 is a constant consisting of the variance bounds of stochastic
gradients and Hessians.
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A Hessian-based SGD method (cont’d)
The two-timescale stochastic approximation (TTSA) algorithm [Hong et
al. 2023] uses the above hypergradient estimator with the truncation
depth t = O(log(1/ε)) at each iteration.

TTSA algorithm for BO
Perform the recursion

xk+1 = xk − αkHk ,

yk+1 = yk − βk∇y F̃ (xk , yk ; ζk+1),

where Hk is computed by the previous subroutine.

• Although the algorithm is single-loop, each update of x requires
constructing a hypergradient estimator.

• The hypergradient estimator requires stochastic Hessian evaluations
of the lower-level objective function.

• It is called two-timescale stochastic approximation since αk and βk
decay at different rates, typically with αk/βk → 0.
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A Hessian-based SGD method (cont’d)

TTSA convergence measures:

Lower-level tracking error
For the lower-level problem, the key quantity is whether yk tracks y∗(xk−1):

∆k
y := E[‖yk − y∗(xk−1)‖2].

Upper-level tracking error
The upper-level error is measured by

∆k
x :=


E[‖xk − x∗‖2] if Φ is strongly convex,
E[Φ(xk)− Φ(x∗)] if Φ is convex,
E[‖∇Φ(xk)‖2] if Φ is weakly convex.
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A Hessian-based SGD method (cont’d)

TTSA convergence rates:

Hyper-objective Φ Step size (αk , βk) Outer rate Inner rate

Strongly convex O(K−1), O(K−2/3) O(K−2/3) O(K−2/3)
Convex O(K−3/4), O(K−1/2) O(K−1/4) O(K−1/2)
Weakly convex O(K−3/5), O(K−2/5) O(K−2/5) O(K−2/5)

• The lower-level objective f̃ (x , ·) is strongly convex and K is the total
number of iterations.

• The outer rate measures upper-level optimality or stationarity, while
the inner rate measures the lower-level tracking error.
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A Hessian-based SGD method (cont’d)
TTSA sample complexity:

Table: Total sample complexity of BSA and TTSA

Method Strongly convex Convex Weakly convex

BSA O(ε−2) O(ε−4) O(ε−3)

TTSA Õ(ε−3/2) Õ(ε−4) Õ(ε−5/2)

• The Bilevel Stochastic Approximation (BSA) method [Ghadimi &
Wang 2018] is a double-loop method. For each outer iterate xk , it
performs sufficiently many lower-level iterations to obtain
yk ≈ y∗(xk) and estimate the hypergradient. In contrast, TTSA is a
single-loop method, which continuously tracks y∗(xk) using only one
lower-level stochastic-gradient update per iteration.

• Compared with BSA, TTSA improves the sample complexity by a
factor of Õ(ε−1/2) in the strongly convex and weakly convex
settings.
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A Hessian-based SGD method (cont’d)
Subroutine of TTSA: It approximates the Hessian inverse using a
truncated Neumann series and then estimates the resulting products
using independent samples.

Alternative subroutine: It directly computes the required
inverse-Hessian–vector product by solving a quadratic program problem.

For a given (x , y), consider

v∗(x , y) := argmin
v

{
Q(v , x , y) := 1

2v>∇2
yy f̃ (x , y)v +∇y f (x , y)>v

}
.

Observe that v∗(x , y) = −[∇2
yy f̃ (x , y)]−1∇y f (x , y), and hence the

hypergradient mapping can be written as

H(x , y) = ∇x f (x , y) +∇2
xy f̃ (x , y)v∗(x , y).

The above strongly convex quadratic program can be suitably solved by
the conjugate gradient method (deterministic case) or a stochastic
gradient method (stochastic case).
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A Hessian-based SGD method (cont’d)

Conjugate gradient method for convex quadratic program:

When exact Hessian-vector products are available, the conjugate gradient
method successively minimizes Q along directions d0, d1, . . . that are
conjugate with respect to A := ∇2

yy f̃ (x , y):

(d i)>Ad j = 0, i 6= j.

• Each iteration only requires a Hessian-vector product Au, without
forming the Hessian inverse.

• Compared with ordinary gradient descent, the iteration complexity
improves from O(κ log(1/ε)) to O(

√
κ log(1/ε)), where κ is the

condition number of A.
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A Hessian-based SGD method (cont’d)

Stochastic gradient method for the above quadratic program:

When only stochastic gradient and Hessian estimators are available,
consider the stochastic gradient estimator

G(x , y , v ; ξ, ζ) := ∇2
yy F̃ (x , y ; ζ)v +∇yF (x , y ; ξ).

It satisfies E[G(x , y , v ; ξ, ζ)] = ∇vQ(x , y , v).

Starting from v0, perform

v j+1 = v j − ηjG(x , y , v j ; ξj , ζj), j = 0, 1, . . . .

Each iteration also only requires a stochastic Hessian-vector product and
a stochastic gradient.
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A Hessian-free SGD method

TTSA requires computing the Hessian of f̃ . We next introduce a
first-order method based on a value-function reformulation [Kwon et al.
2023].

Denote f̃ ∗(x) := miny f̃ (x , y). Then the BO problem can be equivalently
written as

min
x,y

f (x , y) s.t. f̃ (x , y)− f̃ ∗(x) ≤ 0.

A penalty approach considers

Lλ(x , y) := f (x , y) + λ
(
f̃ (x , y)− f̃ ∗(x)

)
, L∗

λ(x) := min
y
Lλ(x , y).

If λ is sufficiently large, then L∗
λ serves as an approximation of Φ.

33 / 80



A Hessian-free SGD method (cont’d)

The penalized function L∗
λ is differentiable and

∇L∗
λ(x) = ∇x f (x , y∗

λ(x)) + λ
(
∇x f̃ (x , y∗

λ(x))−∇x f̃ (x , y∗(x))
)
,

where y∗
λ(x) := argminy Lλ(x , y) and y∗(x) := argminy f̃ (x , y).

For sufficiently large λ > 0,

‖∇Φ(x)−∇L∗
λ(x)‖ = O(1/λ).

Therefore, to satisfy ‖∇Φ(x)‖ ≤ ε, it suffices to find x such that
‖∇L∗

λ(x)‖ ≤ O(ε) with λ = O(1/ε).
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A Hessian-free SGD method (cont’d)

Key idea: Perform a single SGD step on minx L∗
λk
(x) for some {λk}.

Compute two auxiliary vectors

yk ≈ y∗
λk
(xk), zk ≈ y∗(xk).

Then we set

dk := ∇x f (xk , yk) + λk
(
∇x f̃ (xk , yk)−∇x f̃ (xk , zk)

)
as an approximation of ∇L∗

λk
(xk).

Finally, {xk} is updated by

xk+1 = xk − ξαkdk ,

while yk and zk are updated by first-order steps toward y∗
λk
(xk) and

y∗(xk), respectively.
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A Hessian-free SGD method (cont’d)

Fully first-order stochastic approximation (F2SA) algorithm for BO

Input: step sizes {αk , γk}, multiplier increment {δk}, inner-loop number T ,
step-size ratio ξ, and initialization λ0, x0, y0, z0.
1: for k = 0, . . . ,K − 1 do
2: zk,0 ← zk , yk,0 ← yk
3: for t = 0, . . . ,T − 1 do
4: zk,t+1 ← zk,t − γkhk,t

f̃ ,z

5: yk,t+1 ← yk,t − αk(hk,t
f ,y + λkhk,t

f̃ ,y )

6: end for
7: zk+1 ← zk,T , yk+1 ← yk,T
8: xk+1 ← xk − ξαk

(
hk

f ,x + λk(hk,y
f̃ ,x − hk,z

f̃ ,x )
)

9: λk+1 ← λk + δk
10: end for

Here the h’s are unbiased stochastic gradient estimates of the
corresponding gradients of f and f̃ .
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A Hessian-free SGD method (cont’d)

F2SA convergence analysis:

The analysis is based on showing decrease of the potential function

Vk := Φ(xk)− Φ∗ + Lf̃ λk‖yk − y∗
λk
(xk)‖2 +

Lf̃ λk

2 ‖zk − y∗(xk)‖2.

The form of Vk ensures to control both tracking errors:

‖yk − y∗
λk
(xk)‖, ‖zk − y∗(xk)‖.

The parameters are chosen as ξ = 1, T = O(κ), and

αk = O((k + k0)
−a), γk = O((k + k0)

−c), λk = O((k + k0)
a−c),

where 0 ≤ c ≤ a ≤ 1 and κ is a bound on the condition number of
∇2

yy f̃ (x , ·).
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A Hessian-free SGD method (cont’d)

F2SA complexity:

The convergence rates of F2SA for finding xR with E‖∇Φ(xR)‖ ≤ ε
under different settings are given below.

Setting Parameters (a, c) Rate Iterations

f , f̃ : stochastic (5/7, 4/7) Õ(K−1/7) Õ(ε−7)

f : stochastic, f̃ : deterministic (3/5, 2/5) Õ(K−1/5) Õ(ε−5)

f , f̃ : deterministic (1/3, 0) Õ(K−1/3) Õ(ε−3)
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A Hessian-free SGD method (cont’d)
Tighter analysis for F2SA:

A key observation in [Chen et al. 2025] is that, for sufficiently large λ,

‖∇2L∗
λ(x)‖ = O(κ3),

with no dependence on λ. This follows from the sensitivity estimates

‖y∗(x)− y∗
λ(x)‖ = O(1/λ), ‖∇y∗(x)−∇y∗

λ(x)‖ = O(1/λ).

Consequently, the x-stepsize can be made significantly larger and the
refined algorithm converges faster.

For noisy gradients in both levels, noisy gradients only in f , and
deterministic gradients, respectively, the complexities are improved by a
factor of ε−1:

Õ(ε−7), Õ(ε−5), Õ(ε−3) =⇒ Õ(ε−6), Õ(ε−4), Õ(ε−2).

39 / 80



A Hessian-free SGD method (cont’d)

Complexity lower bound for stochastic f and f̃ :

At the exact lower-level solutions, ∇L∗
λ admits the unbiased estimator

∇̂L∗
λ(x) = ∇xF (x , y∗

λ(x); ξ) + λ
(
∇x F̃ (x , y∗

λ(x); ζ1)−∇x F̃ (x , y∗(x); ζ2)
)
.

Due to λ = O(1/ε) and bounded variance assumption, one has

E
[
‖∇̂L∗

λ(x)−∇L∗
λ(x)‖2] = O(λ2) = O(ε−2).

Since the oracle complexity lower bound for smooth nonconvex stochastic
optimization with gradient variance σ2 is Ω(σ2ε−4), the variance
amplification suggests that a lower bound of Ω(ε−6) may be unavoidable.

Indeed, [Kwon et al. 2024] constructs a hard instance establishing an
Ω(ε−6) lower bound, showing that the O(ε−6) complexity is optimal.
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A Hessian-free SGD method (cont’d)
Improved complexity under stochastic smoothness condition:

Suppose the following stochastic smoothness condition holds:

Eζ‖∇x F̃ (x , y1; ζ)−∇x F̃ (x , y2; ζ)‖2 ≤ L2‖y1 − y2‖2.

• Control yk and zk such that ‖yk − y∗
λk
(xk)‖, ‖zk − y∗(xk)‖, and

‖y∗
λk
(xk)− y∗(xk)‖ are all of order O(1/λk). Then ‖yk − zk‖ = O(1/λk).

• Using the same sample ζk for the two lower-level gradients, consider

∇̂L∗
λk
(xk) = ∇xF (xk , yk ; ξk) + λk

(
∇x F̃ (xk , yk ; ζk)−∇x F̃ (xk , zk ; ζk)

)
.

Notice that

Var[∇̂L∗
λk (xk)] = Var[∇x F (xk , yk ; ξk)]+Var[λk

(
∇x F̃ (xk , yk ; ζk)−∇x F̃ (xk , zk ; ζk)

)
].

This and the stochastic smoothness condition imply

E‖∇̂L∗
λk
(xk)− E[∇̂L∗

λk
(xk)]‖2 ≤ σ2

f + λ2
kL2‖yk − zk‖2 = O(1).

Consequently, the complexity improves to O(ε−4) [Kwon et al. 2024].
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Faster fully first-order stochastic approximation (F3SA)
The momentum-assisted gradient estimators [Khanduri et al. 2021] can
further improve the convergence rates under a stronger assumption (e.g.,
F and F̃ satisfy smoothness and bounded gradient conditions almost
surely on the sample space).

F3SA algorithm for BO
Input: step sizes {αk , γk}, multiplier increment {δk}, momentum-weight
sequence {ηk}, step-size ratio ξ, and initialization λ0, x0, y0, z0.
1: for k = 0, . . . ,K − 1 do
2: zk+1 ← zk − γk h̃k

f̃ ,z

3: yk+1 ← yk − αk(h̃k
f ,y + λk h̃k

f̃ ,y )

4: xk+1 ← xk − ξαk
(
h̃k

f ,x + λk(h̃k,y
f̃ ,x − h̃k,z

f̃ ,x )
)

5: λk+1 ← λk + δk
6: end for

The momentum-assisted estimator for updating z is
h̃k

f̃ ,z := ∇y F̃ (xk , zk ; ζ
k
z ) + (1− ηk)

(
h̃k−1

f̃ ,z −∇y F̃ (xk−1, zk−1; ζ
k
z )
)
.

The estimators h̃k
f ,y , h̃k

f̃ ,y , h̃k
f ,x , h̃k,y

f̃ ,x , and h̃k,z
f̃ ,x are defined similarly using

the same momentum-weight sequence {ηk}.
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F3SA parameter choice and complexity

Choose

αk = O((k + k0)
−a), γk = O((k + k0)

−c), ηk = (k + 1)−2c ,

where 0 ≤ c ≤ a ≤ 1, k0 is an instance-dependent constant, and ξ > 0 is
sufficiently small. Moreover,

δk =
γk
αk
− λk , λk+1 =

γk
αk

= O((k + k0)
a−c).

The convergence rates of F3SA for finding xR with E‖∇Φ(xR)‖ ≤ ε
under different settings are given below.

Setting (a, c) Rate Iterations

Both f and f̃ stochastic (3/5, 2/5) Õ(K−1/5) Õ(ε−5)

Only f stochastic (1/2, 1/4) Õ(K−1/4) Õ(ε−4)

Deterministic (1/3, 0) Õ(K−1/3) Õ(ε−3)
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Part III: Bilevel optimization with convex
lower-level objective function
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Unconstrained bilevel optimization

Consider unconstrained bilevel optimization (UBO)

min f (x , y)
s.t. y ∈ argmin

z
f̃ (x , z).

Assumption:
• f (x , y) = f1(x , y) + f2(x) and f̃ (x , y) = f̃1(x , y) + f̃2(y).
• f1, f̃1 are Lipschitz smooth on X × Y with X := dom f2 and
Y := dom f̃2, and f̃1(x , ·) is convex for any x ∈ X .

• f2, f̃2 are proper closed prox-friendly convex functions.

Challenge: Under mere convexity, the lower-level solution may not be
unique, and its solution set may change discontinuously with x . This may
lead to an ill-behaved hyper-objective function Φ.
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An example on ill-behaved hyper-objective function
Consider

min
x∈[−1,1]

{
Φ(x) := min

y∈Y∗(x)
x2 + y2}, Y∗(x) := argmin

y∈[−1,1]
xy .

Then

Y∗(x) =


{−1}, x > 0,
[−1, 1], x = 0,
{1}, x < 0,

Φ(x) =
{

x2 + 1, x 6= 0,
0, x = 0.

Observe that Y∗(·) changes discontinuously at x = 0, and Φ is
discontinuous at x = 0.

Figure: The hyper-objective function Φ(·) (left) and the lower-level solution set
Y∗(·) (right)
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Related work

Numerous studies on special classes of UBO:
• constraint-based methods (Hansen et al. 1992)
• gradient-type methods (Liu et al. 2021; Ji & Liang 2022; Liu et al.

2022; Hu et al. 2023; Kwon et al. 2023)
• interior-point method (Liu et al. 2021),

pseudo-second-order method (Sow et al. 2022)
• primal-dual gradient method (Sow et al. 2022)
• perturbed gradient-based method (Huang et al. 2023)
• zeroth-order methods (Chen et al. 2023)
• smoothing method (Alcantara & Takeda 2026)
• many more ...

Our approach: solve UBO via minimax optimization (Lu & Mei 2024).
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Strongly-convex-strongly-concave minimax optimization

Consider a strongly-convex-strongly-concave minimax (SCSCM)
problem

min
x

max
y

{
H̄(x , y) := h̄(x , y) + p(x)− q(y)

}
,

where
• h̄(x , y) is σx -strongly-convex-σy -strongly-concave and L∇h̄-smooth

on dom p × dom q for some σx , σy > 0,
• p and q are proper closed prox-friendly convex functions.

Goal: find an ε̄-stationary point (x , y) satisfying dist(0, ∂x H̄(x , y)) ≤ ε̄
and dist(0, ∂y H̄(x , y)) ≤ ε̄ for any ε̄ > 0.
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A modified optimal first-order method for SCSCM

Algorithm 1: A modified optimal first-order method for SCSCM [Lu & Mei 2025]
Input: ε̄ > 0, z̄0 = z0

f ∈ −σx dom p, ȳ0 = y0
f ∈ dom q, (z0, y0) = (z̄0, ȳ0),

ᾱ = min
{

1,
√

8σy/σx
}

, ηz = σx/2, ηy = min {1/(2σy ), 4/(ᾱσx )},

βt = 2/(t + 3), ζ =
(
2
√

5(1 + 8L∇h̄/σx )
)−1, γx = γy = 8σ−1

x , and
ζ̄ = min{σx , σy}/L2

∇h̄. Set k = 0.
1. Set t = 0 and compute

(zk
g , yk

g ) = ᾱ(zk , yk) + (1− ᾱ)(zk
f , y

k
f ),

(xk,−1, yk,−1) = (−σ−1
x zk

g , yk
g ),

xk,0 = proxζγx p(xk,−1 − ζγx ak
x (xk,−1, yk,−1)),

yk,0 = proxζγy q(yk,−1 − ζγy ak
y (xk,−1, yk,−1)),

bk,0
x = (xk,−1 − ζγx ak

x (xk,−1, yk,−1)− xk,0)/(ζγx ),

bk,0
y = (yk,−1 − ζγy ak

y (xk,−1, yk,−1)− yk,0)/(ζγy ).

2. If γx‖ak
x (xk,t , yk,t) + bk,t

x ‖2 + γy‖ak
y (xk,t , yk,t) + bk,t

y ‖2 ≤
γ−1

x ‖xk,t − xk,−1‖2 + γ−1
y ‖yk,t − yk,−1‖2, go to step 5.
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A modified optimal first-order method for SCSCM (cont’d)

3. Compute

xk,t+1/2 = xk,t + βt(xk,0 − xk,t)− ζγx (ak
x (xk,t , yk,t) + bk,t

x ),

yk,t+1/2 = yk,t + βt(yk,0 − yk,t)− ζγy (ak
y (xk,t , yk,t) + bk,t

y ),

xk,t+1 = proxζγx p(xk,t + βt(xk,0 − xk,t)− ζγx ak
x (xk,t+1/2, yk,t+1/2)),

yk,t+1 = proxζγy q(yk,t + βt(yk,0 − yk,t)− ζγy ak
y (xk,t+1/2, yk,t+1/2)),

bk,t+1
x = (xk,t + βt(xk,0 − xk,t)− ζγx ak

x (xk,t+1/2, yk,t+1/2)− xk,t+1)/(ζγx ),

bk,t+1
y = (yk,t + βt(yk,0 − yk,t)− ζγy ak

y (xk,t+1/2, yk,t+1/2)− yk,t+1)/(ζγy ).

4. Set t ← t + 1, and go to step 2.
5. Compute

(xk+1
f , yk+1

f ) = (xk,t , yk,t),

(zk+1
f ,wk+1

f ) = (∇x ĥ(xk+1
f , yk+1

f ) + bk,t
x ,−∇y ĥ(xk+1

f , yk+1
f ) + bk,t

y ),

zk+1 = zk + ηzσ
−1
x (zk+1

f − zk)− ηz(xk+1
f + σ−1

x zk+1
f ),

yk+1 = yk + ηyσy (yk+1
f − yk)− ηy (wk+1

f + σy yk+1
f ), xk+1 = −σ−1

x zk+1.
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A modified optimal first-order method for SCSCM (cont’d)

6. Compute

x̃k+1 = proxζ̄p(x
k+1 − ζ̄∇x h̄(xk+1, yk+1)),

ỹk+1 = proxζ̄q(y
k+1 + ζ̄∇y h̄(xk+1, yk+1)).

7. Terminate the algorithm and output (x̃k+1, ỹk+1) if

‖ζ̄−1(xk+1 − x̃k+1, ỹk+1 − yk+1)− (∇h̄(xk+1, yk+1)−∇h̄(x̃k+1, ỹk+1))‖ ≤ ε̄.

8. Set k ← k + 1, and go to step 1.

Remark. It is a slight modification of an optimal first-order method for SCSCM
(Kovalev & Gasnikov 2022) by incorporating a verifiable termination criterion.

Theorem (Complexity of Algorithm 1)
Algorithm 1 outputs an ε̄-stationary point (x , y) satisfying dist(0, ∂x H̄(x , y)) ≤ ε̄ and
dist(0, ∂y H̄(x , y)) ≤ ε̄ within O((L∇h̄/

√
σxσy ) log ε̄−1) evaluations of ∇h̄ and the

proximal operators of p and q.
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Nonconvex-concave minimax optimization

Consider a nonconvex-concave minimax (NCCM) problem

min
x

max
y
{H(x , y) := h(x , y) + p(x)− q(y)} ,

where
• h is L∇h-smooth on dom p × dom q and h(x , ·) is concave for any

x ∈ dom p,
• p and q are proper closed prox-friendly convex functions, and dom q

is compact.

Goal: find an ε-stationary point (x , y) satisfying dist(0, ∂xH(x , y)) ≤ ε
and dist(0, ∂yH(x , y)) ≤ ε for any ε > 0.
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A first-order method for NCCM
Our approach: apply Algorithm 1 to solve minx maxy {hk(x , y) + p(x)− q(y)}, where

hk(x , y) = h(x , y) + L∇h‖x − xk‖2 − ε‖y − ŷ0‖2/(4Dy).

Algorithm 2: A first-order method for NCCM [Lu & Mei 2025]
Input: ε > 0, ε̂0 ∈ (0, ε/2], (x̂0, ŷ0) ∈ dom p × dom q, (x0, y0) = (x̂0, ŷ0), and

ε̂k = ε̂0/(k + 1). Set k = 0.
1. Call Algorithm 1 with h̄← hk , ε̄← ε̂k , σx ← L∇h, σy ← ε/(2Dy),

L∇h̄ ← 3L∇h + ε/(2Dy), z̄0 = z0
f ← −σx xk , ȳ0 = y0

f ← yk , and denote its
output by (xk+1, yk+1).

2. Terminate the algorithm and output (xk+1, yk+1) if

‖xk+1 − xk‖ ≤ ε/(4L∇h).

3. Set k ← k + 1, and go to step 1.

Theorem (Complexity of Algorithm 2)
Algorithm 2 outputs an ε-stationary point (x , y) satisfying dist(0, ∂x H(x , y)) ≤ ε and
dist(0, ∂y H(x , y)) ≤ ε within O(ε−5/2 log ε−1) evaluations of ∇h and the proximal
operators of p and q.

Remark: For nonconvex-strongly-concave minimax problem, Algorithm 2 can be
modified to achieve an improved complexity of O(ε−2 log ε−1).
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Minimax approximation of UBO

Observation: y ∈ argmin
z

f̃ (x , z) ⇔ f̃ (x , y) ≤ min
z

f̃ (x , z).
Hence, UBO can be written as

min
x,y
{f (x , y)|f̃ (x , y) ≤ min

z
f̃ (x , z)}.

It can be approximately solved as

min
x,y

f (x , y) + ρ(f̃ (x , y)−min
z

f̃ (x , z)),

which is equivalent to the minimax problem

min
x,y

max
z

Pρ(x , y , z), where Pρ(x , y , z) := f (x , y)+ρ(f̃ (x , y)−f̃ (x , z)).
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A conceptual penalty method for UBO

Algorithm 3: A conceptual penalty method for UBO
Input: positive sequences {ρk} and {εk} with limk→∞(ρk , εk) = (∞, 0).

Set k = 0.
1. Find an εk -optimal solution (xk , yk , zk) of problem

minx,y maxz Pρk (x , y , z).1

2. Set k ← k + 1, and go to step 1.

Theorem (Convergence of Algorithm 3)

Suppose that {(xk , yk , zk)} is generated by Algorithm 3. Then any
accumulation point of {(xk , yk)} is an optimal solution of UBO.

Remark: Algorithm 3 is not implementable in general.

1(xε, yε) is called an ε-optimal solution of the problem Ψ∗ = minx maxy Ψ(x , y) if
maxy Ψ(xε, y)−Ψ(xε, yε) ≤ ε and Ψ(xε, yε)−Ψ∗ ≤ ε.

55 / 80



ε-KKT solution of UBO
Recall that UBO can be written as

min
x,y
{f (x , y)|f̃ (x , y) ≤ min

z
f̃ (x , z)}.

• A KKT solution (x , y) of it satisfies f̃ (x , y) ≤ minz f̃ (x , z) and moreover (x , y) is
a stationary point of

min
x′,y′

f (x ′, y ′) + ρ
(
f̃ (x ′, y ′)−min

z′
f̃ (x ′, z′)

)
for some ρ ≥ 0.

• The latter problem is equivalent to

min
x′,y′

max
z′

f (x ′, y ′) + ρ(f̃ (x ′, y ′)− f̃ (x ′, z′)),

whose stationary point satisfies

0 ∈ ∂f (x , y) + ρ∂ f̃ (x , y)− (ρ∇x f̃ (x , z); 0), 0 ∈ ρ∂z f̃ (x , z).

Definition (ε-KKT solution of UBO)
For any ε > 0, (x , y) is said to be an ε-KKT solution of UBO if there exists
(z, ρ) ∈ Rm × R+ such that

dist
(

0, ∂f (x , y) + ρ∂ f̃ (x , y)− (ρ∇x f̃ (x , z); 0)
)
≤ ε, dist

(
0, ρ∂z f̃ (x , z)

)
≤ ε,

f̃ (x , y)−min
z′

f̃ (x , z′) ≤ ε.
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ε-KKT solution of UBO (cont’d)

Under lower-level strong convexity and suitable smoothness assumptions,
an ε-KKT solution of UBO yields an approximate stationary point of the
hyper-objective function Φ.

Theorem (ε-KKT → stationarity of Φ)

Suppose that f̃ (x , ·) is strongly convex and that f and f̃ are smooth. If
(x , y) is an ε-KKT solution of UBO, then ‖∇Φ(x)‖ = O(

√
ε). Moreover,

if the associated penalty parameter satisfies ρ = Ω(ε−1), then
‖∇Φ(x)‖ = O(ε).
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A practical penalty method for UBO

Goal: find an O(ε)-KKT solution of UBO.

Algorithm 4: A practical penalty method for UBO [Lu & Mei 2025]

Input: ε ∈ (0, 1/4], ρ = ε−1, (x0, y0) ∈ X × Y with
f̃ (x0, y0) ≤ miny f̃ (x0, y) + ε.

1. Call Algorithm 2 with ε← ε, ε̂0 ← ε3/2, x̂0 ← (x0, y0), ŷ0 ← y0,
and L∇h ← L∇f1 + 2ε−1L∇f̃1

to find an ε-stationary point (xε, yε, zε)
of minx,y maxz Pρ(x , y , z).

2. Output (xε, yε).

Remark: Algorithm 4 can be modified to solve a sequence of subproblems with
dynamic penalty and tolerance parameters.
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A practical penalty method for UBO (cont’d)

Theorem (Complexity of Algorithm 4)

Algorithm 4 outputs an O(ε)-KKT solution of UBO within
O(ε−4 log ε−1) evaluations of ∇f1, ∇f̃1 and the proximal operators of f2
and f̃2.

Remark: For UBO with f̃ being strongly convex with respect to y , this
complexity can be improved to O(ε−3 log ε−1).
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Constrained bilevel optimization

Consider constrained bilevel optimization (CBO)

min f (x , y)
s.t. y ∈ argmin

z
{f̃ (x , z)|g̃(x , z) ≤ 0},

where f and f̃ satisfy all the above assumptions and also the following
additional assumptions:
• g̃ is Lipschitz smooth on X × Y,
• g̃i(x , ·) is convex and there exists ẑx ∈ Y for each x ∈ X such that

g̃i(x , ẑx) < 0 for all i .
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Related work

Existing methods for special classes of CBO:
• gradient-based methods (Allende & Still 2013, Luo et al. 1996, Yang

et al. 2021) for solving CBO with f and f̃ being smooth and g̃ being
convex with respect to y

• second-order method (Ma et al. 2021) for solving CBO with f̃ and g̃
being three times continuously differentiable

• difference-of-convex algorithm (Ye et al. 2022) for solving CBO with
f being a DC function and f̃ , g̃ being convex functions

• relaxation method based on lower-level Wolfe duality (Li et al. 2023)
• many more ...

Our approach: solve CBO via minimax optimization (Lu & Mei 2024).
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Minimax approximation of CBO
Introduce a penalty function for the lower level problem

P̃µ(x , z) = f̃ (x , z) + µ ‖[g̃(x , z)]+‖2
.

Observation:
• CBO can be approximately solved as the UBO

f ∗
µ = min

x,y

{
f (x , y)|y ∈ argmin

z
P̃µ(x , z)

}
.

• This UBO can be approximately solved as the penalty problem

min
x,y

f (x , y) + ρ
(

P̃µ(x , y)−min
z

P̃µ(x , z)
)

and hence the minimax problem

min
x,y

max
z

{
Pρ,µ(x , y , z) := f (x , y) + ρ(P̃µ(x , y)− P̃µ(x , z))

}
.
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A conceptual penalty method for CBO

Algorithm 5: A conceptual penalty method for CBO
Input: positive sequences {ρk}, {µk} and {εk} with

limk→∞(ρk , µk , εk) = (∞,∞, 0). Set k = 0.
1. Find an εk -optimal solution (xk , yk , zk) of problem

minx,y maxz Pρk ,µk (x , y , z).
2. Set k ← k + 1, and go to step 1.

Theorem (Convergence of Algorithm 5)

Suppose that {(xk , yk , zk)} is generated by Algorithm 5. Then any
accumulation point of {(xk , yk)} is an optimal solution of CBO.

Remark: Algorithm 5 is not implementable in general.
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ε-KKT solution of CBO

Note that CBO can be viewed as

min
x,y
{f (x , y)|f̃ (x , y) ≤ f̃ ∗(x), g̃(x , y) ≤ 0},

where f̃ ∗(x) = minz{f̃ (x , z)|g̃(x , z) ≤ 0}.

• Its associated Lagrangian function is given by

L(x , y , ρ, λ) = f (x , y) + ρ(f̃ (x , y)− f̃ ∗(x)) + 〈λ, g̃(x , y)〉.

• A KKT solution (x , y) of CBO satisfies

f̃ (x , y) ≤ f̃ ∗(x), g̃(x , y) ≤ 0, 〈λ, g̃(x , y)〉 = 0,

and moreover (x, y) is a stationary point of the problem
minx ′,y ′ L(x ′, y ′, ρ, λ) for some ρ, λ ≥ 0.
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ε-KKT solution of CBO (cont’d)
It can be shown that minx′,y′ L(x ′, y ′, ρ, λ) is equivalent to

min
x′,y′,λ̃′

max
z′

{
f (x ′, y ′)+ρ

(
f̃ (x ′, y ′)−f̃ (x ′, z ′)−〈λ̃′, g̃(x ′, z ′)〉

)
+〈λ, g̃(x ′, y ′)〉+δRl

+
(λ̃′)

}
,

whose stationary point (x , y , λ̃, z) satisfies

0 ∈ ∂f (x , y) + ρ∂ f̃ (x , y)− ρ(∇x f̃ (x , z) +∇x g̃(x , z)λ̃; 0) +∇g̃(x , y)λ,

0 ∈ ρ(∂z f̃ (x , z) +∇z g̃(x , z)λ̃),

λ̃ ∈ Rl
+, g̃(x , z) ≤ 0, 〈λ̃, g̃(x , z)〉 = 0.

Definition (ε-KKT solution of CBO)

For any ε > 0, (x , y) is said to be an ε-KKT solution of CBO if there exists
(z, ρ, λ, λ̃) ∈ Rm × R+ × Rl

+ × Rl
+ such that

dist
(

0, ∂f (x , y) + ρ∂ f̃ (x , y)− ρ(∇x f̃ (x , z) +∇x g̃(x , z)λ̃; 0) +∇g̃(x , y)λ
)
≤ ε,

dist
(

0, ρ(∂z f̃ (x , z) +∇z g̃(x , z)λ̃)
)
≤ ε,

‖[g̃(x , z)]+‖ ≤ ε, |〈λ̃, g̃(x , z)〉| ≤ ε,

|f̃ (x , y)− f̃ ∗(x)| ≤ ε, ‖[g̃(x , y)]+‖ ≤ ε, |〈λ, g̃(x , y)〉| ≤ ε,
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A practical penalty method for CBO

Goal: find an O(ε)-KKT solution of CBO.

Algorithm 6: A practical penalty method for CBO [Lu & Mei 2024]

Input: ε ∈ (0, 1/4], ρ = ε−1, µ = ε−2, (x0, y0) ∈ X × Y with
P̃µ(x0, y0) ≤ miny P̃µ(x0, y) + ε. Set k = 0.

1. Call Algorithm 2 with ε← ε, ε̂0 ← ε5/2, x̂0 ← (x0, y0), and ŷ0 ← y0

to find an ε-stationary point (xε, yε, zε) of minx,y maxz Pρ,µ(x , y , z).
2. Output (xε, yε).

Remark: Algorithm 6 can be modified to solve a sequence of subproblems with
dynamic penalty and tolerance parameters.
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A practical penalty method for CBO (cont’d)

Theorem (Complexity of Algorithm 6)

Algorithm 6 outputs an O(ε)-KKT solution of CBO within
O(ε−7 log ε−1) evaluations of ∇f1, ∇f̃1, ∇g̃ and the proximal operators
of f2 and f̃2.

Remark: For CBO with f̃ being strongly convex with respect to y , this
complexity can be improved to O(ε−6 log ε−1).
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Numerical results: unconstrained bilevel optimization

min cT x + dT y + δ[−1,1]n(x)

s.t. y ∈ argmin
z

{
xT Ãz + zT B̃z + d̃T z + δ[−1,1]m(z)

}
,

where Ã ∈ Rn×m, B̃ ∈ Rm×m, c ∈ Rn, d , d̃ ∈ Rm, and δS(·) is the
indicator function of S. Apply Algorithm 4 with ε = 10−4.

n m Initial objective value Final objective value
100 100 -0.35 -101.67
200 200 -0.53 -194.91
300 300 -0.48 -307.43
400 400 -0.44 -401.71
500 500 -0.05 -527.45
600 600 0.99 -644.53
700 700 0.49 -759.54
800 800 -1.23 -872.77
900 900 -2.07 -1004.27
1000 1000 -1.06 -1107.61
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Numerical results: constrained bilevel optimization

min cT x + dT y + δ[−1,1]n(x)

s.t. y ∈ argmin
z

{
d̃T z + δ[−1,1]m(z)

∣∣Ãx + B̃z − b̃ ≤ 0
}
,

where c ∈ Rn, d , d̃ ∈ Rm, b̃ ∈ Rl , Ã ∈ Rl×n, and B̃ ∈ Rl×m. Apply
Algorithm 6 with ε = 10−4.

n m l Initial objective value Final objective value
100 100 5 -0.51 -34.83
200 200 10 -0.15 -121.41
300 300 15 1.56 -208.44
400 400 20 -0.04 -298.25
500 500 25 1.45 -384.77
600 600 30 0.75 -470.31
700 700 35 0.09 -568.26
800 800 40 -0.98 -629.61
900 900 45 1.21 -689.00
1000 1000 50 1.44 -781.79
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A sequential minimax optimization method for CBO
Goal: propose a sequential minimax optimization (SMO) method for CBO

min f (x , y)
s.t. y ∈ argmin

z
{f̃ (x , z)|g̃(x , z) ≤ 0}.

Observation:
• CBO can be approximately solved as

min f (x , y)
s.t. y ∈ argmin

z
{f̃ (x , z) + 1

2ρµ
(
‖[λ+ µg̃(x , z)]+‖2 − ‖λ‖2)}.

• The latter can be approximately solved as

min
x,y

f (x , y) + ρ
(

f̃ (x , y) + 1
2ρµ

(
‖[λ+ µg̃(x , y)]+‖2 − ‖λ‖2

)
−min

z

{
f̃ (x , z) + 1

2ρµ

(
‖[λ+ µg̃(x , z)]+‖2 − ‖λ‖2

)})
,

which is equivalent to minx,y maxz L(x , y , z, λ; ρ, µ) where

L(x , y , z, λ; ρ, µ) =f (x , y) + ρf̃ (x , y) + 1
2µ‖[λ+ µg̃(x , y)]+‖2

− ρf̃ (x , z)− 1
2µ‖[λ+ µg̃(x , z)]+‖2.
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A sequential minimax optimization method for CBO (cont’d)
Define

L̃(x , z, λ; ρ, µ) := f̃ (x , z) + 1
2ρµ‖[λ+ µg̃(x , z)]+‖2.

Algorithm 7: A sequential minimax optimization method for CBO [Lu &
Mei 2026]

Input: ε, τ ∈ (0, 1), ε0 ∈ (τε, 1], x0 ∈ X , y0 ∈ Y, z0 ∈ Y, εk = ε0τ
k , ρk = ε−1

k ,
µk = ε−3

k , ηk = εk , and λ0 ∈ Rl
+. Set k = 0.

1. Call Nesterov’s accelerated proximal gradient method starting at yk to
find an ηk -optimal solution yk

init of minz L̃(xk , z, λk ; ρk , µk).
2. Call Algorithm 2 with ε← εk , ε̂0 ← εk/(2

√
µk), x̂0 ← (xk , yk

init), and
ŷ0 ← zk to find an εk -stationary point (xk+1, yk+1, zk+1) of

min
x,y

max
z
L(x , y , z, λk ; ρk , µk).

3. Set λk+1 = [λk + µk g̃(xk+1, zk+1)]+.
4. If εk ≤ ε, terminate the algorithm and output (xk+1, yk+1).
5. Set k ← k + 1, and go to step 1.
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A sequential minimax optimization method for CBO (cont’d)

Theorem (Complexity of Algorithm 7)

Algorithm 7 outputs an O(ε)-KKT solution of CBO within
O(ε−7 log ε−1) evaluations of ∇f1, ∇f̃1, ∇g̃ and the proximal operators
of f2 and f̃2.

Remark: For CBO with f̃ being strongly convex with respect to y , the
above complexity can be improved to O(ε−6 log ε−1).
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Numerical result

min cT x + dT y + δ[−1,1]n(x)

s.t. y ∈ argmin
z

{
d̃T z + δ[−1,1]m(z)

∣∣Ãx + B̃z − b̃ ≤ 0
}
,

where c ∈ Rn, d , d̃ ∈ Rm, b̃ ∈ Rl , Ã ∈ Rl×n, and B̃ ∈ Rl×m. Apply
Algorithms 6 and 7 with ε = 10−4.

Initial obj val Final obj val CPU time (seconds)
n m l SMO FPM SMO FPM

100 100 5 0.22 −75.78 −75.75 7.4 22.1
200 200 10 −0.38 −154.20 −154.18 12.5 107.9
300 300 15 −0.11 −246.70 −246.66 24.1 267.8
400 400 20 0.34 −305.97 −305.89 37.0 561.6
500 500 25 0.96 −394.74 −394.70 63.8 719.8
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Improved complexity for finding an ε-KKT solution
[Shen et al. 2026] proposed a saddle-point reformulation of the
constrained lower-level problem, avoiding the introduction of an
additional penalty parameter for the lower-level constraints.

Fact: For any sufficiently large Λ, y ∈ argminz{f̃ (x , z) | g̃(x , z) ≤ 0} if
and only if there exists λ ∈ [0,Λ]l such that (y , λ) is a saddle point of

L(x , y ′, λ′; Λ) := f̃ (x , y ′) + 〈λ′, g̃(x , y ′)〉 − δ[0,Λ]l (λ
′).

• Define the saddle-point gap function by

G(x , y , λ; Λ) := max
λ̃

L(x , y , λ̃; Λ)−min
ỹ

L(x , ỹ , λ; Λ).

Then (y , λ) is a saddle point if and only if G(x , y , λ; Λ) = 0.

• Penalizing the gap function G yields the minimax approximation:

min
x,y,λ

max
ỹ,λ̃

{
f (x , y) + ρ

(
L(x , y , λ̃; Λ)− L(x , ỹ , λ; Λ)

)}
.

• Applying an algorithmic framework similar to Algorithm 2 yields an
Õ(ε−4) oracle complexity for finding an ε-KKT solution of CBO.

74 / 80



Summary

• Introduced the historical background of bilevel optimization and its
modern applications in machine learning.

• For bilevel optimization with a strongly convex lower-level objective
function, presented the two-timescale stochastic approximation
(TTSA) algorithm and the fully first-order stochastic approximation
(F2SA) method, together with their iteration complexity guarantees.

• For bilevel optimization with a convex lower-level objective function,
discussed the challenges arising from nonunique lower-level solutions,
reformulated the bilevel problem as a minimax optimization problem,
and presented implementable first-order penalty methods with
provable iteration complexity guarantees.

Thank you!
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